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The Lift Force Due to von Karman’s Vortex Wake

D. W. Sallet*
The University of Maryland, College Park, Md.

Equations are developed which permit the estimation of the oscillating lift forces on bluff cylindrical
bodies. The coefficient of lift is seen to be a function of the Strouhal number, the ratio of the lateral
to longitudinal vortex spacing of the wake vortices and the ratio of the lateral vortex spacing to the
width of the body. Introduction of certain}simplifying assumptions permit the determination of the
lift coefficient of any bluff cylindrical body, provided the Strouhal number and the drag coefficient of
that body at the Reynolds number of interest are known. The equations also predict an increase in the
lift coefficient if the cylinder vibrates with a frequency less than the Strouhal frequency of the sta-
tionary cylinder and a decrease in lift coefficient if the cylinder vibrates at a higher frequency.

Nomenclature

d = width of body

D = drag force acting on body per unit length

h = lateral vortex spacing

l = longitudinal vortex spacing

L = lift force acting on body per unit length

M, = momentum of fluid within control volume in the x-di-
rection

M, = momentum of fluid within control volume in the y-di-
rection

p = static pressure

Re{A} = realpartofA

R = Reynolds number

S = Strouhal number

t = time

u = velocity component in x-direction

u'(x,y) = velocity in x-direction due to vortex street

Us = translational velocity of vortex street with respect to the
fluid

U = velocity of vortex shedding body with respect to the
fluid

v = velocity component of y-direction

v’(x,y) = velocity in y-direction due to vortex street

w = complex potential

X,y = coordinates in the complex plane z = x + iy

T = circulation of one vortex

I, = total circulation within the control volume

P = density of fluid

© = velocity potential

¥ = stream function

Introduction

WHEN a bluff cylindrical body is exposed to an uniform
cross flow of a viscous fluid a fluctuating lift force acts on
the body in addition to the nearly steady drag force. In his
classic paper von Karman! succeeded in estimating the
steady drag force acting on a cylindrical body by employ-
ing potential flow considerations. This paper extends von
Karman’s analysis by deriving an expression for the fluc-
tuating lift force acting on the body due to the formation
of the Karman vortex street. In the initial part of the
analysis the momentum approach as described by von
Karméan and J. M. Burgers in Durand? is closely followed.
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The final part of the analysis employs the method of re-
lating the dimensionless longitudinal vortex spacing [/d to
the Strouhal number S and the coefficient of drag Cp as
proposed by Sallet.? The basic assumptions upon which
the momentum analysis given, is based on the following
points. 1) The cylindrical body is of uniform cross section
and has a large enough slenderness ratio so that a two-
dimensional analysis is justified. 2) A regular Karméan
vortex street is generated by the uniform motion of the
bluff cylindrical body. 3) The momentum of any vortex
pair within the real wake is the same as the momentum of
the equivalent vortex pair of the potential flow model. 4)
The drag force experienced by the cylindrical body is only
due to the generated vortex street and not due to the vis-
cous forces acting directly on the body. 5) The complex
potential of the infinite Karméan vortex street does not
significantly differ from the complex potential of the
semi-infinite vortex street which represents the wake of
the cylindrical body.

The technical significance of the lift forces due to von
Karman’s vortex wake was described by Den Hartog.¢
Earlier estimates of the lift forces considered only cylin-
ders having a circular cross section, e.g., Ruedy,® Stein-
man,% Schwabe,” and Chen.® The present investigation is
valid for any bluff body in cross flow, as long as the stated
assumptions are satisfied.

Momentum Analysis

Let the complex potential of the flowfield be denoted by

w(z) = ex,y) + iP(x,v) (1)

The complex potential of a single line vortex at z, = x, +
o is

. I
w(z) = —iy— In(z ~ z,) (2)
where the circulation I' is positive when the fluid motion
due to the vortex is counterclockwise. For the infinite
double row, staggered vortex street shown in Fig. 1, the
complex potential is found to be

(2) = T In sinn/l(z — z,)
W) = tor Mt /1(z + z,)

(3)

where
z,==1/4 + i(h/2) 4)

The positive sign in front of the term [/4 is valid if the
imaginary axis is located as shown by the fully drawn iy-
axis in Fig. 1, while the negative sign is valid for the dot-
ted iy-axis. From the complex velocity of the vortex sys-
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Fig. 1 Vortex street.

tem,

g—zu—) =u'(x,y) —iv'(x,y) =
iL[cotE(z ~z,) —cot(z + z,)] (5)

21 l l
it is found that the total vortex street propagates with a

velocity

T mh
us= o tanh( 7 )
to the left. The blunt cylinder which causes the vortex
street moves with a uniform velocity U along the negative
real axis also to the left. In order to make the vortex sys-
tem stationary a velocity us from left to right and parallel
to the real axis is superposed upon the moving vortex sys-
tem. The boundaries of the stationary control volume may
now be selected as shown in Fig. 2. The boundary DA may
be drawn as shown in Fig. 2a and 2c¢ so that z, = +i/4 +
ih/2 or DA may be drawn as shown in Fig. 2b and 2d, so
that z, = —{/4 + ih/2. The cylinder moves with the ve-
locity (I — us) to the left and stays at all times within
the control volume. The vortex system is at rest. The ve-

(6)

locity at x = —« and y = = is us. The momentum theo-
s
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Fig. 2 Control volume boundaries.

where the velocity components u and v are

u=u"+u;

, ¥ (8)

v =0

The first term on the right hand in Eq. (7) is the time
rate of change of the momentum of the fluid in the y-di-
rection within the control volume; the second and third
give the net force in the y-direction on the control volume;
the last four terms give the net momentum inflow in the
y-direction. Setting

~ _Pe 5y _ 09
p = const Z(u +v°) —p Y (9)
Equation (7) yields
am d ° d * prha o
2y + — -
L 7 P fc wdx P fB<pdx 5 fc (u* —v¥)dx

,D A [of A
+ = f W? ~v¥dx + p f uvdy —p f uvdy
2 B B D

By introducing the notation given by Eq. (8), the preceding
expression becomes

dM d r?
L =——2_—p— dx
a Pa fc“’

4 D
+pg—f <pdx—£f ' + 2u'u,
a4, 5 J,

A
2
+ul—v¥dx + %f @® + 2uu, +ul—v)dx
B

B A
+p f (u'v' +updy —p fD w'v' +ugp')dy
c

The terms with the expression ug? cancel and all terms of
the last 4 integrals which do not have the factor u, vanish at
three sides of the control surface, namely sides AB, BC, and
CD. The equation for the lift therefore is

aM d P d 4 b
—_ - — —_— — !
= —Mdt P fc pdx + P fB @dx pus[fc w'dx

A B C A
+ f v'dy + f u'dx + f v'dy] —pf u'v'dy (10)
D A B D

It is seen that the fourth term on the right-hand side of
Eq. (10) is the product of the density p, the velocity us
and the total circulation I'; within the control volume. In
von Karman’s analysis of the drag force D, i.e., the force
in the x-direction, such a circulation term does not ap-
pear:

aMm, d B d 4 B
g wdy+p;l;fD¢dy+pus[f u'dx

C c

A D a a
- fD u'dy + fc v'dx — fB v'dx] —% fD @’? —v'Ydy
(11)

The fourth term on the right-hand side of Eq. (11) reduces
to zero due to continuity.
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Since as
v =~ —oot cotn/l(z —z,) -~ + i (25)
A 4 +z,) -+
pf u/v/dy — Re{% f (u/ _Z-,U/)Zdz} (12) COtTT/l(Z Zo) 1 (26)
D D sinn/l{z —z . h
s;nglgz + ZO; ~ Inf-i eXp(ilT“)l @7)
Equation (10) becomes o , i
4 b if z, =+ 7 + ZE
dM d
L=-"2+p=|[ odx— [ odx]- ; _
i dl fB c Sm/UE Z2) | 1y i exp(Ty) (28)
p A . - sinn/l{z + z,) !
pu I, —Re{gf (' —iv’) dz} (13) . 1 h
D if z, = By + iy

For the evaluation of the integrals in Eq. (13) the con-
trol volume boundaries CD and AB are moved far away
from the real axis. From Eq. (3) one obtains?

asy — + o and x =0

(<p+i¢)——(~£——i¥ 1fz,,:+lz+z (14)

(¢ + i) ~ (b —igh) i 2,= — 1 +i% (15)
asy - + o and x =0

(9 + i)~ (+3 +igh) iz, = + 2+ b (16)

(¢ +id) ~ (3 + i) 2, =~ &+ ix (17)

The second term on the right side of Eq. (13) is evalu-
ated by comparing the wvelocity potential along the
boundaries BA and CD of the vortex configuration shown
in Fig. 2a or 2b with the potential along the same bounda-
ries one half vortex shedding period later, as shown in Fig.
2c or 2d, respectively. It is seen that the time rate of
change of the integral of the velocity potential along B4
and CD at y = + « vanishes. The last integral of Eq. (13)
becomes

f:m' vz = (Y g (18)

Zm-ix
Integrating givest

2=+

dw,* r? T
fz=_iw (d—Z) dz =+ 4—7Tl[00tl_(z _Zo) +

2z, 1nsimT/l(z —z,) ]z“i“’
1 sinn/l(z + z,)

cot2(z + z,) + 2 cot

. (19)

Z==i®

For the evaluation of Eq. (19) the following expressions
are derived:

cotzjoﬂ = —i tanh(ri/1) (20)
as
y = +oo: cotn/l(z — z,) - —i (21)
cotn/l(z+ z,) - —i (22)
sinm/l(z —z,) _ v _Th

nsin77/l(z + z,) In[ +4 exp( l )] (23)

iz, =+ Lot

ifz,=+4 +i5

sinn/1(z —z,)

mh
sinm/l(z + z,) ~ Inf~i exp(«-l—)] (24)
. l N
if z, = vy +4 2

+ Note the printing errors occuring in the equivalent express-
sions by von Karman? pp. 56, center of right column.
t Note the printing error in Durand,? pp. 347, Eq. (7.4).

The evaluation of Eq. (19) now becomes§

S IS T Th, Th
o 12 = i (5 Tz) tanh(—l~)] (29)
l h
ifz,=+ 7 + iy
and
=i T? T Th, h
- = - — + (- - = —
fmw () d i+ (-5~ T74) ank(F)] (30)
if z, =~ é + i
Equation (13) now becomes
aMm 1
= - =2 _ —
. l h
ifz,=+ n + iy
and
am 1
_ oMy _z
L= A4t pusrt zpusr (32)
. l h
ifz,= 7 + iy

The result of this momentum consideration should
clearly not depend upon the choice of the control volume.
Consider Fig. 2a. The time rate of change of momentum
of the fluid is positive. The number of vortices in the con-
trol volume is even, which results in zero total circulation,
T': = 0. Equation (31) therefore becomes

a1

L = 7 + 3 pu T (33)
Shifting the right vertical control surface a distance [/2 to
the right (Fig. 2b) or to the left will result in an uneven
number of vortices within the control volume; there is one
extra vortex of clockwise rotation. Therefore I' = —TI' and
Eq. (32) yields Eq. (33). Half a vortex shedding period
later (Fig. 2¢) the time rate of change of momentum of
the fluid is negative. The number of vortices in the control
volume is odd; there is one extra vortex of counterclockwise
rotation. Therefore I'; equals +I" and Eq. (31) yields

aM 1
am, 1
i zpusl“ (34)

L=+
Shifting the right vertical control surface a distance [/2 to
the right (Fig. 2d) or to the left will yield again the result
given in Eq. (34) after employing Eq. (32). The equation
for the lift may, therefore, be written as

1
L==(Dh - pu,T] (35)

§ Note the two printing errors in Durand,? pp. 347 in the equa-
tion which follows Eq. (7.4).
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The period of the vortex street can be expressed in
terms of the longitudinal vortex spacing ! and the veloci-
ties of the cylinder and the vortex street by the relation

At =1/(U—-uy (36)

Every vortex in the vortex street can be thought of as part
of two vortex pairs; each vortex forming such a vortex pair
has the circulation I'/2. The total positive or the total
negative momentum in the y-direction created during one

J. HYDRONAUTICS

The latter equation further reduces to

7,8 1,2 l
2 —) - — 4+ =

From momentum considerations it is plausible to as-
sume that the lift varies as a function of time in a similar
functional manner as the separatrix of the stream function
varies as a function of distance along the real axis. Setting
2o = +1/4 + i(h/2) the imaginary part of Eq. (3) becomes

sin®{(x + —l) T} cosh?[(y + ﬁ)l] + cos?[(x + 1 I sink?[(y + ﬁ)—71]
R T ™ g @
sin?{(x — Z)T] cosi?{(y —3) l—] + cos?[(x ~ Z)T]smhz[(y - E)T]
period At is now seen to be Setting ¢ = 0 and making use of Eq. (43) yields
M, = (p/4NT (37) sin(%ﬁ) + sinh(zlﬂ) =0 (48)
The ot o of o o 4 b ke MR, o gl 0 <1 a1
be written as y ~ (const) sin—2—;7£ (49)
L=+ %PT[U - 3u ] (38) and, with the aforementioned assumption,
c,) =c, sinzgjst (50)

Evaluation and Discussion

It is of interest to compare the lift given by Eq. (38)
with experimentally obtained values. Neither the circula-
tion I' nor the vortex street velocity us is normally mea-
sured during lift and drag measurements. However, the
circulation and the vortex street velocity can be expressed
in terms of the coefficient of drag and the Strouhal num-
ber. For blunt cylinders such as plates wedges and circu-
lar cylinders the drag coefficients and the vortex shedding
frequency as functions of Reynolds number are readily
available in the literature.

Equating the frequency of vortex shedding of the above
potential flow model to the vortex shedding frequency
which is experimentally observed yields

U~-~u l

Y TY%s _ g
T S p (39)
Defining the coefficient of lift in the customary manner
C,=2L/pU% (40)
yields
l Sl oS mh
CL = 3(1 _2—)(361 —2) COU’L( 1 ) (41)
A similar development? for the coefficient of drag yields
=~ 4 - Shy2SL _ mh,
Cp= d[h(l y] ) = 1) coth(l ) +
l St,2 9, Th
(=) coth’(= )] (42)
If von Karman’s stability criterion, namely
cosh(ZH) = @)1/
or (43)

zﬁ = 0.280549

is assumed to give the true vortex spacing ratio, Egs. (41
and 42) can be reduced to

= @7 L - Shest _) (44)
and
Cp= 4@ 2501~ 2 g - S - Ly} @)
P d a1 a’l

For a given Strouhal number S and a given coefficient
of drag Cp the longitudinal vortex spacing distance ! can
be calculated in terms of the width of the body by means
of Eq. (46). Equation (44) can then be used to determine
the coefficient of lift C;. For example, Schwabe? experi-
mentally determined the lift coefficient for a circular cyl-
inder at a Reynolds number of 735 to be C; = 0.447. He
also measured the drag coefficient and found Cp = 1.09.
At the above Reynolds number the Strouhal number of a
circular cylinder equals 0.210.2 Substituting the above
values of Cp and S into Eq. (46) yields the dimensionless
longitudinal vortex spacing !/d = 3.84. Substituting this
value and the above Strouhal number into Eq. (44) yields
a coefficient of lift of C; = 0.441. At a Reynolds number
of 2 X 10° Fung!! experimentally determined the coeffi-
cient of lift of circular cylinders to lie between 0.30 and
0.39 while at a Reynolds number of 6 X 10° he found the
lift coefficients to have values between 0.18 and 0.20.
Using the values S = 0.21 and Cp = 1.20 at R = 2 X 10°
and S = 0.29 and Cp = 0.30 at R = 0.30 (Roshko!?!) yields
coefficients of lift of 0.382 and 0.225 for the lower and
higher Reynolds number respectively.

The preceding examples show acceptable agreement be-
tween the experimentally obtained coefficient of lift and
by Eq. (44) predicted coefficient of lift in the subcritical
as well as in the supercritical Reynolds number range.
The rather close agreement of the predicted value with
the experimental value given by Schwabe? may be mis-
leading. It should be pointed out, that Eq. (38) and,
therefore, Eqs. (41, 42, and 44) are based on the total mo-
mentum increase during one half of a vortex shedding pe-
riod, while the experimental values quoted above are
maximum values occuring instantaneously. However, the
method of splitting each vortex into two vortices having
half the circulation of the original vortex and considering
each of these vortices as making up a vortex pair, one
with a similar half strength vortex of the preceeding vor-
tex and the other with a half strength vortex of the suc-
ceding vortex of the opposite row results in an estimation
of the maximum rather than the average momentum in-
crease.

It is of interest that Eq. (41) and consequently also Eq.
(44) predict a change in lift force when the cylindrical
body vibrates, as was stipulated by Den Hartog* and ex-
perimentally investigated by Bishop and Hassan.l? The
Strouhal number S of the stationary cylinder is now re-
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placed by the value k.S, where k lies between 0.8 and
1.2, see Ref. 4. For this range of values of k£ the vortex
shedding takes place at the frequency with which the cyl-
inder vibrates. For small amplitude vibrations the coeffi-
cient of drag may be assumed to be the same as for a
steady cylinder. With this assumption the longitudinal
vortex spacing and the coefficient of lift may then be cal-
culated with Egs. (42 or 46, and 41 or 44), respectively. For
example, at a R of 6000 the coefficient of drag for a circu-
lar cylinder is 1 and the Strouhal number is 0.205. For
values of & = 0.9, 1 and 1.05 Eq. (46) yields the values of
l/d of 4.60, 4.03 and 3.76, respectively. Equation (44) now
predicts coefficients of lift for & = 0.9, 1 and 1.05 of C;, =
0.538, 0.473 and 0.436, respectively. The ratios of C; at k
=09toCratk =1land Cpatk =1.05toCratk =1
therefore become 1.12 and 0.93, respectively. Experiments
by Bishop and Hassan? at approximately the same Reyn-
olds number show these ratios to be 1.21 and 0.80 (extrap-
olated). The experimental results were found when the
ratio of the amplitude of the vibration to the diameter of
the cylinder was 0.3. The drag force acting on a cylinder
which is vibrating transversely to the flow may be esti-
mated by substituting the projected area of the stationary
cylinder with the area based on the extremal positions of
the vibrating cylinder. An equivalent estimate of the drag
in the same proportion as the effective area increases.
Since Eq. (46) is dependent upon the drag force the effect
of the large vibrational amplitude may be taken into ac-
count by using for the above given numerical example the
fictious coefficient of drag of 1.30 (1 + 0.30) in the predic-
tion equations. The predicted ratios of C; at £ = 0.9
toCratk =1and Cp at kK = 1.05 to C at k = 1 become
1.43 and 0.72, respectively, when Cp takes the value of 1.3.
The predicted increase in longitudinal vortex spacing
when the cylinder is vibrating at a frequency which is
lower that the vortex shedding frequency of a stationary
cylinder and a decrease in the vortex spacing when the
cylinder is vibrating at a higher frequency was qualita-
tively observed by Koopmann.13

In all of the above numerical evaluations for the lift
coefficient and for the longitudinal vortex spacing equa-
tions were used which included von Karméan’s value for
h/l. In view of the strong influence which the vortex spac-
ing has upon the predicted values of the coefficient of lift
this ratio should also be considered a variable and experi-
mently determined as a function of the Reynolds number.
The fact that the potential vortex street becomes more
unstable for values of h/! other than 0.280549 is of secon-
dary importance, since the purpose of the potential flow
model is to predict the lift forces due to a hypothetical
vortex street which is so constructed that it correctly pre-
dicts the easily measured drag forces, and not to predict
the flow pattern of the real wake. For this reason valid pre-
dictions for the lift will be obtained even though assump-
tions 2 and 3 may not be strictly justified. The experi-
mentally observed Strouhal number and the experimentally
obtained coefficient of drag are introduced into the equa-
tions describing a hypothetical vortex street. As a basis for
this hypothetical model the Kéarman vortex street was
chosen. From Egs. (3) and (4) it is seen that the unknowns
in this potential flow model are the circulation I' and the
vortex spacing parameters 2 and [. By introducing the
experimentally found values of the Strouhal number and
coefficient of drag the unknowns h, [, and T are eliminated.
The resulting vortex street model which is now so stipulated
that it correctly predicts the drag is then used in the de-
termination of the lift.

The time rate of change of momentum of the fluid was
evaluated by the increase in momentum due to one vortex
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pair, i.e., the product of the density of the fluid, the circula-
tion of the vortex and the distance between the two vortices
making up the vortex pair. The result for the momentum
increase obtained in this manner is identical to the result
obtained by the integration of the stream function as was
shown by von Karman.* The evaluation of the momentum
rate of change cannot be improved by taking a semi-
infinite vortex street as the flow model of the wake. Such a
semi-infinite wake model was first used by Synge15 for the
calculation of the drag acting on a cylindrical body. Synge’s
drag equation is identical to von Karméan’s (Refs. 1 and 14)
drag equation; the intermediate results of the evaluation
of the momentum change are also the same. While Synge’s
semi-infinite vortex street model will make assumption 5
appear to be a more plausible assumption, the use of a semi-
infinite vortex street instead of von Karman’s vortex street
will make the equations mathematically somewhat more
complex.
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